Abstract. The n-dimensional generalisation of a theorem by W. H. Peirce [1] is given, providing a method for constructing product type integration rules of arbitrarily high polynomial precision over a hyperspherical shell region and using a weight function r. Table I lists orthogonal polynomials, coordinates and coefficients for integration points in the angular rules for 3rd and 7th degree precision and for ?i = 3(1)8. Table II gives the radial rules for a shell of internal radius R and outer radius 1 : (i) a formula for the coordinate and coefficient in the 3rd degree rule for arbitrary n, R; (ii) a formula for the coordinates and coefficients for the 7th degree rule for arbitrary n and R = 0 and (iii) a table of polynomials, coordinates and coefficients to 9D for n = 4, 5 and R = 0, |, \, f.
NUMERICAL INTEGRATION OVER THE W-DIMENSIONAL SPHERICAL SHELL
Coordinates and coefficients Sor the n-dimensional sphere angular integration rule (n -_2) (n + 4)
Cl 2n \ (n + 2) a/2 (n + 2) (n + 4) 2 (n + 2) (n + 4) + 2 >/2 (n + 2) (n + 4) r2 = -(n + 4) (n + 6) iA (n -2) (n + 4) 0 Ú 0i Ú 2ir; 0 g 9i è r (i = 2, 3, ■ ■ ■ , n -1), and (1. 6) fiárál.
The rule to be constructed has the form:
The first of these, (2.14), must be exact whenever /i is a polynomial of degree k in X a" sin tdig = / sin <0i d0i = 0.
9=1 Jo
One solution with minimum px for given k is pi = k + 1 = 4(m + 1),
This is the only solution, apart from a single arbitrary additive constant to 0is, for which the aa are real so the above, (2.18), is a necessary and sufficient condition for the first rule, (2.14), to have the required precision with a minimum number of points. Put, temporarily, 0¡ = <t>, bu = bi, pi = p, I = v + 1, and
so a typical member of the second set of rules, (2.15), is now 
r2 -r/ ProoS-Because the evaluation points of the rule (1.7) are arranged in a product lattice the integral can be written
as follows: This is the only solution, apart from a single arbitrary additive constant to 0i9, for which the ag are real so the above, (2.18), is a necessary and sufficient condition for the first rule, (2.14), to have the required precision with a minimum number of points. Put, temporarily, and which has weights [2] rl Qf'ß\y) dy h i r QP'ia-ß)(yd U On replacing v by ¿ -1, ?/ by cos 0 , etc., according to (2.19) one gets the result in the second part of the theorem.
Because of the symmetry of the angular integration rules all the monomials with an odd power of some coordinate Xi have their integrals (zero) computed exactly, independently of rule (2.16), so rule (2.16) need be exact only for all even polynomials in r of degree at most 4m + 3, i.e., one must have (2.31) f rn~Yñdr= ¿ Cjg(r2) JR 3=1
exact whenever g(r) is a polynomial in r of degree at most 2to + 1 and with q a minimum. Put r2 = t and this becomes (2.32) f1tn,2-1g(t)dt±Í2 2cjg(tj).
Jr* j=i
The rule (2.32) of precision 2m + 1 and minimum number of points, q, is unique [3] and has q = m + 1. The t¡ are the m + 1 zeros of the polynomial Qm+i(t) in t of degree to + 1 that is orthogonal with respect to the weight function t" _1 over (R , 1) to all polynomials in t of lower degree; i.e.,
where Tm(t) is an arbitrary polynomial of degree at most to, and the weights 2cy are given by:
•' f'^Qn+lit) dt This does not have a simple explicit solution for all the 0» and for all the relevant p so it is unlikely that any Qp~112 where X > 1 has such a solution. For each value of p a separate solution has to be found. A few are given in Table I .
Corollary 7. When R = 0 the radial rule (2.32) becomes 1 m+l fl2-ig(t)dt=Y.2cjg(tj), i-i and the polynomials Qm+i(t) oS equations (2.4) and (2.8) are simply the Jacobi polynomials Gm+i(n/2, n/2, t). For n = 3 Peirce [1] has tabulated the Qm+i(t), t¡ and c3-for to = 0 and 1 (also for R = \,h and 1). For n an even number, n/2 -1 is an integer and (3.17) is a Gauss-Christoffel rule for which the Qm+i(t) can be obtained either from the Legendre polynomials (but with argument 2t -1) as in (3.1) or as a Jacobi polynomial above. The tables of Fishman [4] give normalised Qm+i(t) and values of tj and 2c3- Table II contains some values of r¡ and c,-for m = 0, 1. (Note: for n an odd number Fishman's tables could be used directly-treating the sphere as a cone with a spherical base-to give an integration rule but the number of points used in such a rule would not be a minimum since it would unnecessarily compute exactly integrals of certain odd powers of r.) Corollary 8. // the integration rule (1.2) is modified to include the weight function r (s an integer), all the Soregoing is still applicable except that in (2.4), (2.8), etc., n + s must be substituted for n so, Sor example, the table of Cj and r¡Sor the five-dimensional shell can be used for the three-dimensional shell with weight function r2.
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